
1XPHULFDO�SUHGLFWLRQ�RI�FRROLQJ�PDUJLQV�IRU�D
IOXLG�ZLWK�LQWHUQDO�KHDW�JHQHUDWLRQ
$��+RUYDW����,��.OMHQDN���	�-��0DUQ�
�5HDFWRU�(QJLQHHULQJ�'LYLVLRQ���-RåHI�6WHIDQ��,QVWLWXWH
�/MXEOMDQD��6ORYHQLD
)DFXOW\�RI�0HFKDQLFDO�(QJLQHHULQJ��8QLYHUVLW\�RI�0DULERU
�0DULERU��6ORYHQLD
�(�PDLO��DQGUHM�KRUYDW#LMV�VL

$EVWUDFW

5HDFWRU�SUHVVXUH�YHVVHO�ORZHU�SOHQXP�UHWHQWLRQ�SUREOHP�ZDV�VWXGLHG�WR�GHWHUPLQH
H[WHUQDO� FRROLQJ� PDUJLQV� RI� WKH� SOHQXP� ZDOOV�� 7KH� DFFXPXODWHG� PHOW� ZDV
PRGHOOHG�DV�DQ�LQFRPSUHVVLEOH�IOXLG�ZLWK�LQWHUQDO�YROXPHWULF�KHDW�JHQHUDWLRQ�LQ�D
UHFWDQJXODU� FDYLW\�� $� 6PDJRULQVN\� W\SH� RI� /DUJH�(GG\� 6LPXODWLRQ� PRGHO� IRU
EXR\DQF\� IORZV� ZDV� LPSOHPHQWHG�� %HFDXVH� RI� XQFHUWDLQW\� DERXW� XSSHU� ZDOO
WKHUPDO�ERXQGDU\�FRQGLWLRQV�� LVRWKHUPDO�DQG�DGLDEDWLF�ERXQGDU\�FRQGLWLRQ�ZHUH
XVHG� WR� DVVHVV� KHDW� WUDQVIHU�PDUJLQV� �1XVVHOW� QXPEHU�� DW� HDFK� ERXQGDU\� RI� WKH
VLPXODWLRQ� GRPDLQ�� ,W� ZDV� IRXQG� RXW� LQ� ERWK� FDOFXODWHG� FDVHV� WKDW� WKH� 1XVVHOW
QXPEHU�LV� WKH� ORZHVW�DW� WKH�ERWWRP�RI� WKH�VLPXODWLRQ�GRPDLQ�DQG� LQFUHDVHV�ZLWK
KHLJKW��,Q�WKH�IXWXUH�QXFOHDU�VDIHW\�VWXGLHV�WKH�PRVW�VHYHUH�ZDOO�WKHUPDO�FRQGLWLRQV
IURP�ERWK�VLPXODWHG�FDVHV�ZLOO�KDYH�WR�EH�FRQVLGHUHG�

��,QWURGXFWLRQ

'XULQJ� D� K\SRWKHWLFDO� DFFLGHQW� VFHQDULR� LQ� WKH� ILHOG� RI� QXFOHDU
VDIHW\� WKH�JHQHUDO�PHOWGRZQ�PD\�RFFXU� DV� H[SODLQHG� LQ�3DU]HU� >�@��7KH
UHDFWRU�FRUH�PHOWV�� UHORFDWHV� LWVHOI�DQG�DFFXPXODWHV� LQ� WKH� ORZHU�SOHQXP
RI�WKH�UHDFWRU�YHVVHO��+HDW�LV�IXUWKHU�JHQHUDWHG�LQ�WKH�SRRO�GXH�WR�ILVVLRQ
SURGXFWV� GHFD\�� %HFDXVH� RI� KLJK� WHPSHUDWXUH� PHOW�� WKH� LQWHJULW\� RI� WKH
ORZHU�SOHQXP�FRXOG�EH�WKUHDWHQHG�XQOHVV�VXIILFLHQW�RXWVLGH�FRROLQJ�H[LVWV�
)URP�DQ�HQJLQHHULQJ�SRLQW�RI�YLHZ��WKH�ORZHU�SOHQXP�UHWHQWLRQ�SUREOHP
LV�WR�GHWHUPLQH�WKH�UHOLDEOH�H[WHUQDO�FRROLQJ�PDUJLQV�RI�WKH�SOHQXP�ZDOOV�



7R� GR� VR�� SUHGLFWLRQ� RI� WKH� IOXLG� PRWLRQ� LQ� D� SRRO� ZLWK� LQWHUQDO� KHDW
JHQHUDWLRQ� LV� WKH� FUXFLDO� WDVN��$� UHYLHZ�RI� H[SHULPHQWDO� DQG� WKHRUHWLFDO
UHVXOWV�PD\�EH�IRXQG��IRU�H[DPSOH��LQ�WKH�ZRUN�RI�1RXUJDOLHY�HW�DO��>�@�

�$W�WKH�SUHVHQW�VWDJH�RI�NQRZOHGJH��VRPH�XQFHUWDLQWLHV�H[LVW�DERXW
KHDW�UHPRYDO�IURP�WKH�VXUIDFH�RI�WKH�SRRO�ZKLFK�LV�H[SRVHG�WR�WKH�UHDFWRU
FRUH�GHEULV���7KHRIDQRXV�HW�DO��>��@����7KHUPDO�FRQGLWLRQV�RQ�WKH�VXUIDFH
KDYH�D�VLJQLILFDQW�LPSDFW�RQ�WKH�IOXLG�G\QDPLF�EHKDYLRXU�RI�WKH�SRRO��,Q
WKH� SUHVHQW� ZRUN�� WKH� LQIOXHQFH� RI� WZR� H[WUHPH� WKHUPDO� FRQGLWLRQV
�LVRWKHUPDO� DQG� DGLDEDWLF�� DW� WKH� SRRO� XSSHU� VXUIDFH� RQ� WKH� IOXLG
FLUFXODWLRQ� ZDV� VWXGLHG�� $W� WKH� RWKHU� ZDOOV�� LVRWKHUPDO� FRQGLWLRQV� IRU
WHPSHUDWXUH� ZHUH� SUHVFULEHG� WR� PRGHO� PHOWLQJ� DQG� VROLGLILFDWLRQ
SURFHVVHV�

��*RYHUQLQJ�HTXDWLRQV

,Q� WKH� SUHVHQW� ZRUN� WKH� PHOW� LQ� WKH� ORZHU� SOHQXP� LV� PRGHOOHG
FRQVLGHULQJ� DQ� LQFRPSUHVVLEOH� IOXLG� ZLWK� LQWHUQDO� YROXPHWULF� KHDW
JHQHUDWLRQ�LQ�D�UHFWDQJXODU�FDYLW\��8VLQJ�%RXVVLQHVT
V�DSSUR[LPDWLRQ�WKH
HTXDWLRQV�RI�IOXLG�PRWLRQ�DUH�ZULWWHQ�DV��
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ZKHUH�Y� LV� WKH�YHORFLW\��7� LV� WKH�WHPSHUDWXUH��S� LV� WKH�SUHVVXUH�PRGLILHG
IRU�K\GURVWDWLF�SUHVVXUH�� �LV�WKH�VWUDLQ�WHQVRU��,�LV�WKH�UDWH�RI�YROXPHWULF
KHDW� JHQHUDWLRQ��J� LV� WKH� JUDYLW\� DFFHOHUDWLRQ��r� LV� WKH� GHQVLW\��b� LV� WKH
WKHUPDO� GLODWDWLRQ�� FS� LV� WKH� VSHFLILF� KHDW� DQG� l � LV� WKH� WKHUPDO
FRQGXFWLYLW\�

7KH� WUDQVIRUPDWLRQ� RI� HTQV� ����� ���� DQG� ���� LQWR� D� GLPHQVLRQOHVV
IRUP�DV�LQ�'HFNHU�>�@��VLPSOLILHV�WKH�HTXDWLRQV�LQWR��
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ZKHUH�5D�LV�WKH�5D\OHLJK�QXPEHU�DQG�3U�LV�WKH�3UDQGWO�QXPEHU�



7KH�RFFXUUHQFH�RI�K\GURG\QDPLF� LQVWDELOLWLHV�ZKLFK� OHDGV� WRZDUG
WXUEXOHQW� IOXLG� PRWLRQ� LV� FRUUHODWHG� WR� WKH� 5D\OHLJK� QXPEHU�� ,Q� RXU
VLPXODWLRQV�� WKH�5D\OHLJK�QXPEHU�ZDV������ �DQG� WKH�3UDQGWO�QXPEHU�����
ZKLFK�ZDV�DOVR�WKH�FDVH�LQ�1RXUJDOLHY�HW�DO��>�@��$FFRUGLQJ�WR�'HFNHU�>�@�
WKH�WUDQVLWLRQ�WR�WXUEXOHQW�PRWLRQ�LV�H[SHFWHG�DOUHDG\�DW�� ���� £Ì5D ��)RU
WKHVH� UHDVRQV��SURSHU� WXUEXOHQFH�PRGHO�KDV� WR�EH� LPSOHPHQWHG�� ,Q�PRVW
FDVHV��DV�LW�ZDV�VXPPDUL]HG�LQ�'LQK�HW�DO��>�@���VWDQGDUG�RU�ORZ�5H\QROGV
QXPEHU�N�e��PRGHOV�DUH�XVHG�WR�PRGHO�WXUEXOHQW�PRWLRQ�

,Q� WKH� SUHVHQWHG� ZRUN�� D� 6PDJRULQVN\� W\SH� RI� /DUJH�(GG\
6LPXODWLRQ� PRGHO� IRU� EXR\DQF\� IORZV� DV� GHYHORSHG� LQ� (LGVRQ� >�@� DQG
PRGLILHG� LQ�9RNH� >��@�ZDV� DGRSWHG��:H�ZHUH�QRW� VXFFHVVIXO� LQ� ILQGLQJ
DQ\� SUHYLRXV� LPSOHPHQWDWLRQ� RI� D� /DUJH�(GG\� 6LPXODWLRQ� PRGHO� IRU
WXUEXOHQW� QDWXUDO� FRQYHFWLRQ� IORZ�ZLWK� LQWHUQDO� KHDW� JHQHUDWLRQ� LQ� RSHQ
OLWHUDWXUH�

$IWHU�XVLQJ� WKH�/DUJH�(GG\�6LPXODWLRQ�FRQFHSW�� HTQV� ����� ����DQG
����DUH�ZULWWHQ�DV��
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ZKHUH� �GHQRWHV� ORFDOO\�DYHUDJHG�YDOXHV��7KH� ODVW� WHUPV� LQ�HTV� ����DQG
����DULVH�GXH�WR�PRGHOOLQJ�RI�VXEJULG�VFDOH�WHUPV�DIWHU�ILOWHULQJ�SURFHVV��6
LV�WKH�GHIRUPDWLRQ�YHORFLW\�WHQVRU��

VJG
n �LV�WKH�VXEJULG�YLVFRVLW\�GHILQHG�DV
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VJG

u �LV�WKH�VXEJULG�WKHUPDO�GLIIXVLYLW\�GHILQHG�DV
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7KH�6PDJRULQVN\�FRQVWDQW�
V

& �DQG�WKH�WXUEXOHQW�3UDQGWO�QXPEHU�3U
VJG

�DUH
RQO\�HPSLULFDO�SDUDPHWHUV�LQ�WKH�SUHVHQWHG�WXUEXOHQFH�PRGHO��,Q�RXU�FDVH
&

V�
 ������DQG�3U

VJG�

 ������DV�LQ�(LGVRQ�>�@�



$V�WKH�6PDJRULQVN\�PRGHO�LV�WRR�GLVVLSDWLYH�LQ�WKH�YLFLQLW\�RI�WKH
ZDOOV�� WKH� XVH� RI� WXUEXOHQW� YLVFRVLW\� GDPSLQJ� IXQFWLRQV� LV� QHFHVVDU\�
0DGDEKXVKL� DQG� 9DQND� >�@� VXJJHVW� WKH� IXQFWLRQ� ����� WR� GDPS� H[FHVV
VXEJULG�YLVFRVLW\�DV
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ZKHUH� n=+ �

QXQ � �


X � DQG� Q� GHQRWH� IULFWLRQ� YHORFLW\� DQG� QRUPDO� ZDOO

GLVWDQFH��UHVSHFWLYHO\��
(TQV� ����� ���� DQG� ���� ZHUH� VROYHG� DSSO\LQJ� QR�VOLS� ERXQGDU\

FRQGLWLRQV� DW� DOO� ERXQGDU\�ZDOOV� RI� D� UHFWDQJXODU� FDYLW\�� 7KH� ERXQGDU\
FRQGLWLRQV�IRU�WHPSHUDWXUH�ZHUH�LVRWKHUPDO�H[FHSW�DW�WKH�WRS��ZKHUH�HLWKHU
LVRWKHUPDO�RU�DGLDEDWLF�ERXQGDU\�FRQGLWLRQV�ZHUH�SUHVFULEHG�

��1XPHULFDO�PHWKRGV

7LPH� GHSHQGHQW� WUDQVSRUW� HTQV� ����� ���� DQG� ���� ZLWK� DSSURSULDWH
ERXQGDU\� FRQGLWLRQV� ZHUH� VROYHG� XVLQJ� D� WZR�GLPHQVLRQDO� QXPHULFDO
FRGH� EDVHG� RQ� WKH� ILQLWH� YROXPH� PHWKRG� DV� GHVFULEHG� LQ� 9HUVWHHJ� DQG
0DODODVHNHUD�>��@�

)RU� VSDWLDO� GLVFUHWLVDWLRQ� D� VWDJJHUHG� JULG� ZDV� LPSOHPHQWHG�
1XPHULFDO�GLVFUHWLVDWLRQ�RI�PRPHQWXP�HTQ� ���� IROORZHG� WKH�ZD\�RI� WKH
+DUORZ� DQG�:DOVK� >�@� VFKHPH�� +RZHYHU�� WKH� WHPSHUDWXUH� ILHOG� LQ� WKH
HQHUJ\�HTQ�����UHTXLUHG�D��QG�RUGHU�DFFXUDWH�XSZLQG�VFKHPH�

7LPH� LQWHJUDWLRQ�ZDV� LQGHSHQGHQW� IURP�VSDWLDO� GLVFUHWL]DWLRQ��)RU
HQHUJ\� HTQ� ���� WKH� �QG� RUGHU� DFFXUDWH� $GDP�%DVKIRUG� VFKHPH� ZDV
LPSOHPHQWHG��

���������������

���

�

+

+

=
D
-

Q

Q

QQ

5+6
W
77

��
����

�����������������

( )
�

�

��� ���
-

-

+

D
-

D+=
Q

QQ

QQQ

W
5+65+6

W5+65+6 �� ����

,Q� WKH� FDVH� RI� PRPHQWXP� HTQ� ���� D� FRPELQDWLRQ� RI� $GDP�%DVKIRUG
VFKHPH�DQG�SURMHFWLRQ�PHWKRG�ZDV�XVHG�

,Q�WKLV�ZD\��WKH�VROHQRLG�YHORFLW\�ILHOG� Y
r
�LV�XQLTXHO\�GHFRPSRVHG

LQWR� YHORFLW\� ILHOG� Y
r
�� ZKLFK� LV� QRW� GLYHUJHQFH� IUHH�� DQG� JUDGLHQW� RI

SUHVVXUH�S�DV�LW�LV�H[WHQVLYHO\�GHVFULEHG�LQ�%HOO�HW�DO��>�@��&RQVHTXHQWO\�
WKH� GHFRPSRVLWLRQ� OHDGV� WR� WKH� IROORZLQJ� VWHSV� LQ� WKH� WLPH� LQWHJUDWLRQ
SURFHGXUH� RI�PRPHQWXP� HTQ� ����� )LUVW�� WKH� DX[LOLDU\� YHFWRU� ILHOG� Y

r
� LV



FRPSXWHG�IURP�HTXDWLRQ�������
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7KHQ�� WKH� SUHVVXUH� ILHOG� LV� FDOFXODWHG� XVLQJ�PDVV� FRQVHUYDWLRQ� HTXDWLRQ
����LQ�RUGHU�WR�REWDLQ�WKH�3RLVVRQ�HTXDWLRQ� WYS DÍ=Í �

r
� ��,Q�RXU�FDVH�WKH

3RLVVRQ�HTXDWLRQ�ZDV�VROYHG�LPSOHPHQWLQJ�D�GLUHFW�3RLVVRQ�VROYHU��$W�WKH
HQG�WKH�JUDGLHQW�RI�SUHVVXUH�ILHOG��S�LV�DGGHG��
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,Q� WKH� SUHVHQWHG�ZRUN� ���[���� JULG� SRLQWV�ZHUH� XVHG� WR� SHUIRUP
FDOFXODWLRQV�� $SSUR[LPDWHO\� ��� KRXUV� RI� &38� WLPH� RQ� 6XQ� 8OWUD� �
ZRUNVWDWLRQ�ZHUH�QHFHVVDU\��WR�UHDFK�VWHDG\�VWDWH�FRQGLWLRQV�

��5HVXOWV�DQG�GLVFXVVLRQ

1XPHULFDO� VLPXODWLRQV� ZHUH� SHUIRUPHG� DW� 5D\OHLJK� QXPEHU� ����

DQG� 3UDQGWO� QXPEHU� ����� ZKLFK� LV� D� ZHOO� GRFXPHQWHG� FDVH� DQG
FRUUHVSRQGV� WR� WKH� WKHUPDO�VLWXDWLRQ� LQ� WKH�UHDFWRU�YHVVHO� ORZHU�SOHQXP�
7R�YDOLGDWH�WKH�QXPHULFDO�FRGH�VLPXODWLRQ�UHVXOWV�ZHUH�FRPSDUHG�ZLWK�WKH
UHVXOWV�RI�1RXUJDOLHY�HW�DO��>�@�

)RU� WKH� FDVH� RI� LVRWKHUPDO� XSSHU� ERXQGDU\� WKH� LQWHJUDO� 1XVVHOW
QXPEHUV� IRU� HDFK� ERXQGDU\� ZHUH� FDOFXODWHG�� &RPSDULVRQ� RI� UHVXOWV� LV
SUHVHQWHG�LQ�WDEOH����,W�VKRZV�JRRG�DJUHHPHQW�ZLWK�VRPH�GLVFUHSDQFLHV�LQ
FDVH�RI�XSSHU�ERXQGDU\�GXH�WR�WKHUPDO�LQVWDELOLWLHV�

7DEOH����&RPSDULVRQ�RI�UHVXOWV�IRU�LVRWKHUPDO�XSSHU�ERXQGDU\��
ERXQGDU\ SUHVHQW�FDOFXODWLRQV 1RXUJDOLHY�HW�DO��>�@

ERWWRP 1X� ������� 1X� �������
VLGH 1X� ������� 1X� �������
XSSHU 1X� ������� 1X� �������

7KH� GLVWULEXWLRQ� RI� KHDW� WUDQVIHU� DW� WKH� ERWWRP� ZDOO� ZDV� DOVR
FDOFXODWHG��)LJ���VKRZV�WKH�FRPSDULVRQ�EHWZHHQ�SUHVHQW�FDOFXODWLRQV�DQG
FDOFXODWLRQV�PDGH�E\�1RXUJDOLHY�HW�DO��>�@��$JDLQ�WKH�UHVXOWV�DUH�LQ�JRRG
DJUHHPHQW�ZLWK�WKRVH�DOUHDG\�SXEOLVKHG��1RXUJDOLHY�HW�DO��>�@���

7KHVH�FRPSDULVRQV�ZHUH�GRQH�WR�GHPRQVWUDWH�WKH�FDSDELOLW\�RI�WKH
GHVFULEHG�DSSURDFK� WR�PRGHO� WXUEXOHQW�QDWXUDO�FRQYHFWLRQ� LQ� IOXLGV�ZLWK
LQWHUQDO�KHDW�JHQHUDWLRQ�DV�GLVFXVVHG�DOVR�LQ�+RUYDW�DQG�.OMHQDN�>�@



)LJXUH����1XVVHOW�QXPEHU�DW�ERWWRP�ERXQGDU\�RI�VLPXODWLRQ�GRPDLQ�

%HFDXVH� RI� XQFHUWDLQW\� DERXW� XSSHU� ZDOO� WKHUPDO� ERXQGDU\
FRQGLWLRQV�� WKH� LVRWKHUPDO� DQG�DGLDEDWLF�ERXQGDU\� FRQGLWLRQV�ZHUH�XVHG
WR�DVVHVV�KHDW�WUDQVIHU�PDUJLQV��FRROLQJ�PDUJLQV��DW�HDFK�ERXQGDU\�RI�WKH
VLPXODWLRQ� GRPDLQ�� 2Q� ILJ� �� WKH� FRROLQJ� PDUJLQV� RQ� ERWWRP� DQG� VLGH
ZDOOV� IRU� WKH� FDVH� RI� XSSHU� ZDOO� LVRWKHUPDO� DQG� DGLDEDWLF� ERXQGDU\
FRQGLWLRQV�DUH�SUHVHQWHG�

�����

)LJXUH����/RFDO�1XVVHOW�QXPEHU�DW�ERWWRP��OHIW��DQG�VLGH��ULJKW��ZDOOV��

&RROLQJ�PDUJLQV�RQ�XSSHU�ZDOO�IRU�WKH�FDVH�RI�XSSHU�ZDOO�LVRWKHUPDO�DQG
DGLDEDWLF�ERXQGDU\�FRQGLWLRQV�DUH�SUHVHQWHG�RQ�ILJ���



���

)LJXUH����/RFDO�1XVVHOW�QXPEHU�DW�XSSHU�ZDOO��

,W�ZDV�IRXQG�RXW�LQ�ERWK�FDOFXODWHG�FDVHV�WKDW� WKH�1XVVHOW�QXPEHU� LV� WKH
ORZHVW�DW�WKH�ERWWRP�RI�WKH�VLPXODWLRQ�GRPDLQ�DQG�LQFUHDVHV�ZLWK�KHLJKW�
,Q�WKH�FDVH�RI�XSSHU�ZDOO�LVRWKHUPDO�ERXQGDU\�FRQGLWLRQV�WKH�KHDW�WUDQVIHU
LV� LQFUHDVHG� WKURXJK� WKH� ERWWRP� DQG� UHGXFHG� WKURXJK� WKH� VLGH� ZDOOV
ZKHUHDV�LQ�WKH�FDVH�RI�XSSHU�ZDOO�DGLDEDWLF�ERXQGDU\�FRQGLWLRQV�WKH�KHDW
WUDQVIHU� LV� LQFUHDVHG� WKURXJK� WKH� VLGH� ZDOOV� DQG� UHGXFHG� WKURXJK� WKH
ERWWRP�� 7KH� ODUJHVW� KHDW� WUDQVIHU� FDQ� EH� H[SHFWHG� LQ� WKH� FDVH� RI� XSSHU
ZDOO�DGLDEDWLF�ERXQGDU\�FRQGLWLRQV�LQ�WKH�YLFLQLW\�RI�WKH�XSSHU�ERXQGDU\�
ZKHUH�LW�UHDFKHV�D�ORFDO�YDOXH�RI��1X� �����

)LJ� �� VKRZV� TXDOLWDWLYH� YHORFLW\� YHFWRU� ILHOGV� IRU� XSSHU� ZDOO
LVRWKHUPDO�DQG�DGLDEDWLF�ERXQGDU\�FRQGLWLRQV�

����

)LJXUH�����4XDOLWDWLYH�YHORFLW\�YHFWRU�ILHOG�IRU�XSSHU�ZDOO�LVRWKHUPDO��OHIW�
DQG�DGLDEDWLF��ULJKW��ERXQGDU\�FRQGLWLRQV�

,W�FDQ�EH�REVHUYHG�RQ�ILJ���WKDW�YHORFLWLHV�DUH�JUHDWHU�LQ�WKH�FDVH�RI�XSSHU
ZDOO�LVRWKHUPDO�ERXQGDU\�FRQGLWLRQV��$W�WKH�XSSHU�ZDOO�WKH�IOXLG�LV�FRROHG
DQG�WKH�LQWUXVLRQV�RI�FROG�VWUHDPV�VWUHWFK�GHHS�LQWR�WKH�EXON��,Q�WKH�FDVH
RI� XSSHU� ZDOO� DGLDEDWLF� ERXQGDU\� FRQGLWLRQV� WKH� YHORFLW\� ILHOG� LV� PRUH
VWDEOH�DQG�WKH�LQWUXVLRQV�RI�FROG�VWUHDPV�DUH�QRW�SUHVHQW�
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