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QXFOHDU�UHDFWRU�WKLV�VLWXDWLRQ�LV�LQLWLDWHG�E\�HLWKHU�RYHUSRZHU�RU�XQGHUFRROLQJ�FRQGLWLRQV��7KH
ODWWHU�LV�UHODWHG�WR�UHGXFHG�FRROLQJ�WKURXJK�ORVV�RI�FRRODQW�IORZ�RU�ORVV�RI�FRRODQW�LWVHOI�DQG�PD\
OHDG�WR�JHQHUDO�PHOWGRZQ�RI�WKH�UHDFWRU�FRUH�

0ROWHQ�PDWHULDO�LV�DFFXPXODWHG�LQ�WKH�ORZHU�SOHQXP�RI�WKH�UHDFWRU�SUHVVXUH�YHVVHO��7KH
VHSDUDWLRQ� RI� SKDVHV� UHVXOWV� IURP� GLIIHUHQW� FRPSRQHQWV� GHQVLWLHV� RI� PROWHQ� PDWHULDO�� +LJK
WHPSHUDWXUH�PROWHQ�82�� ZLOO� VORZO\�PHOW� WKURXJK� WKH� ZDOO� RI� 539� ORZHU� SOHQXP�� 7R� DYRLG
GLVUXSWLRQ�RI�539��DQ�LQVWDQWDQHRXV�KHDW�WUDQVIHU�LV�QHHGHG�

7R� VLPXODWH� WKH� VLWXDWLRQ� GHVFULEHG� DERYH�� JHQHUDO� PXOWLSKDVH� IORZ� HTXDWLRQV� ZHUH
GHYHORSHG��,Q�RUGHU�WR�GHVFULEH�WKH�PXOWLSKDVH�IORZ�IXOO\��WKH�FRQWLQXLW\��PRPHQWXP�DQG�HQHUJ\
HTXDWLRQV� ZHUH� GHULYHG� XVLQJ� HQVHPEOH� DYHUDJLQJ� UDWKHU� WKHQ� WLPH� RU� VSDWLDO� DYHUDJLQJ�
%HFDXVH�RI�JHRPHWU\�RI�WKH�ORZHU�SOHQXP�D�VSKHULFDO�FRRUGLQDWH�V\VWHP�ZDV�XVHG��WR�HQKDQFH
WKH�DFFXUDF\�RI�WKH�FDOFXODWLRQ�RQ�WKH�ERUGHU�
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,Q�WKH�FDVH�RI�SURORQJHG�DQG�FRPSOHWH�IDLOXUH�RI�QRUPDO�DQG�HPHUJHQF\�FRRODQW�V\VWHP
RI� QXFOHDU� UHDFWRU�� WKH� ILVVLRQ� PDWHULDO� GHFD\� KHDW� FDXVHV� RYHUKHDW� FRQGLWLRQV�� 7KH� ULVH� LQ
WHPSHUDWXUH� EULQJV� VWHHO� PDWHULDO� RI� WKH� UHDFWRU� FRUH� DQG� ]LUFDOR\� FODGGLQJ� WR� H[RWKHUPLF
R[LGDWLRQ� DW� �����.� >�@�� ,I� FRROLQJ� LV� QRW� UHVWRUHG�� WKH� JHQHUDO�PHOWGRZQ�RI� WKH� UHDFWRU� FRUH
WDNHV�SODFH��0HOWLQJ�VFRRSV�WKH�VWHHO�HTXLSPHQW�DW������.�>�@��WKHQ�WKH�]LUFRQLXP�R[LGH�DW�����
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,Q� RUGHU� WR� WUHDW� D�PXOWLSKDVH� IORZ�� WKH� DERYH� HTXDWLRQV� �������� KDYH� WR� EH�ZULWWHQ� IRU� HYHU\
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7KH� GLVDGYDQWDJH� RI� GHVFULEHG� SURFHGXUH� LV� WKH� IRUPDWLRQ� RI� FRIOXFWXDWLRQ� WHQVRUV� ZKHUH
GHYLDWLRQV�IURP�DYHUDJHG�SK\VLFDO�TXDQWLWLHV�DUH�FROOHFWHG��,Q�WKLV�FDVH�WKH\�DUH�GHQRWHG�XQGHU
WKH� WHUPV�&N��0N� DQG�(N��ZKHUHDV� N�GHVFULEHV� WKH� LQWHUIDFLDO�PDVV� WUDQVSRUW��7KH� UHDO� DUW� RI
SUHVHQWHG�PHWKRG�LV�GHWHUPLQDWLRQ�RI�FRIOXFWXDWLRQ�WHQVRUV��%HFDXVH�LW�LV�LPSRVVLEOH�WR�FDOFXODWH
WKHP�DQDO\WLFDOO\��WKH\�KDYH�WR�EH�HYDOXDWHG�ZLWK�D�VXLWDEOH�SUREDELOLW\�GLVWULEXWLRQ�>�@�

7R� FRPSOHWH� VHW� RI� HTXDWLRQV�� RQH� FRQVLGHUV� WKH� IDFW� WKDW� VXP� RI� DOO� SUHVHQFH� SKDVH
SUREDELOLWLHV�LV�DOZD\V��
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7R�SHUIRUP� FDOFXODWLRQ� RI� DOO� SK\VLFDO� TXDQWLWLHV� LQ� WKH� HTXDWLRQV� �������������� RQH� QHHGV� WR
GHYHORSHG� FRUUHVSRQGLQJ� DOJRULWKP�� )RU� WKLV� SXUSRVH� WKH� FRQWLQXLW\� HTXDWLRQ� KDV� WR� EH
WUDQVIRUPHG� WR� D� GLIIHUHQW� IRUP��:KHQ� FRQWLQXLW\� HTXDWLRQ� LV� UHZULWWHQ� IRU� DOO� SUHVHQW� SKDVHV
WRJHWKHU�DV�D�VXP�RI�WKH�SDUWLFXODU�FRQWLQXLW\�HTXDWLRQV�����DQG�HTXDWLRQ������LV�FRQVLGHUHG��WKH
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LV� QRZ� FRXSOHG� WR�PRPHQWXP�HTXDWLRQ� ���� DQG� IXOO\� GHYHORSHG��7KLV� HTXDWLRQ� ����� FRQIRUP
SUHVVXUH�ILHOG�WR�DQ�DOUHDG\�FDOFXODWHG�YHORFLW\�ILHOG�VR�WKDW�ERWK�VDWLVI\�FRQWLQXLW\�HTXDWLRQ�
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,QLWLDO�DQG�ERXQGDU\�FRQGLWLRQV

,QLWLDO�DQG�ERXQGDU\�FRQGLWLRQV�FRPSOHWH�WKH�DERYH�K\GURG\QDPLF�HTXDWLRQV������������
���DQG�����LQWR�D�IXOO\�GHILQHG�PDWKHPDWLFDO�SUREOHP��*HRPHWU\�WKDW�ZDV�FKRVHQ�IRU�QXPHULFDO
VLPXODWLRQ�LV�D�VLPSOLILFDWLRQ�RI�UHDOLVWLF�DUUDQJHPHQW�RI�539�ORZHU�SOHQXP�HTXLSPHQW�
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,Q� D� URXQG� EDVLQ� RI�539� ORZHU
SOHQXP� WKHUH� DUH� DOUHDG\� VWUDWLILHG
OD\HUV�RI���P��RI�PROWHQ�IXHO�82��DQG
��P��RI�PROWHQ�VWHHO��%HFDXVH�RI�PXFK
JUHDWHU� GHQVLW\� ������� NJ�P�� >�@�� RI
WKH� IXHO�� LW� OD\HUV� DW� WKH� ERWWRP� DQG
PROWHQ� VWHHO� ������ NJ�P�� >�@�� DW� WKH
WRS�

,QLWLDO� WHPSHUDWXUH� RI� PROWHQ
VWHHO�LV������.�DQG�WKH�WHPSHUDWXUH�RI
PROWHQ� IXHO� LV� ����� .�� %HFDXVH� RI
D[\V\PPHWU\�� WKH� SUREOHP� LV
VLPSOLILHG� WR� WZR� GLPHQVLRQV�� 7KH
QXPHULFDO� PHVK� KDV� WR� FRYHU� RQO\� D
KDOI�RI�WKH�FRQWDLQPHQW�FURVV�VHFWLRQ�

7R� VROYH� VXFFHVVIXOO\� WKH
HTXDWLRQV��������������DQG������WKH�ERXQGDU\�FRQGLWLRQV�DUH�DOVR�LPSRUWDQW��7KH�ILJXUH���VKRZV
KRZ�WKH\�DUH�GHILQHG�DURXQG�ZKROH�FDOFXODWLQJ�DUHD�

&RQFOXVLRQV

7KLV� SDSHU� SUHVHQWV� D� PDWKHPDWLFDO
PRGHO� ZLWK� GHULYDWLRQ� RI� PXOWLSKDVH
SUREDELOLVWLF� HTXDWLRQV� WRJHWKHU� ZLWK� LQLWLDO
DQG� ERXQGDU\� FRQGLWLRQV� IRU� D� VSHFLILF
SUREOHP�� 7KH� PHWKRG� ZDV� XVHG� EHIRUH
VXFFHVVIXOO\� WR� VLPXODWH� EHKDYLRU� RI� D
PXOWLSKDVH� PL[WXUH� GXULQJ� WKH� SUHPL[LQJ
SKDVH� RI� VWHDP� H[SORVLRQ� >�@�� 7KH
PDWKHPDWLFDO� SUREOHP� ZDV� VROYHG� XVLQJ
$OWHUQDWLQJ�'LUHFWLRQ� ,PSOLFLW�VFKHPH�LQ� WKH
FDVH� RI� HOOLSWLF� SUHVVXUH� HTXDWLRQ� ����� DQG
/D[�:HQGURII� VFKHPH� LQ� FDVH� RI� WLPH
GHSHQGHG� FRQWLQXLW\� ������ PRPHQWXP
��������DQG�HQHUJ\������HTXDWLRQ�

,Q�WKH�SUHVHQWHG�SUREOHP��ZH�VHHN�WKH
QXPHULFDO�VROXWLRQ�LQ�VDPH�GLUHFWLRQ��DOWKRXJK
WKH� VWURQJ� FRQYHFWLYH� PRYHPHQW� RI
PXOWLSKDVH� PL[WXUH� LV� GRPLQDQW�� 6XFFHVVIXO
VLPXODWLRQ� RI� WKH� FRROLQJ� SUREOHP� ZRXOG
FRQILUP� WKH� GHYHORSHG� SUREDELOLVWLF� PHWKRG
IRU�PXOWLSKDVH� WUHDWPHQW� DQG� QXPHULFDO� WRROV
IRU�LWV�VXFFHVVIXO�VROYLQJ�

)LJXUH����,QLWLDO�FRQGLWLRQV�RI�PXOWLSKDVH�PL[WXUH

)LJXUH� ��� %RXQGDU\� FRQGLWLRQV� RI� QXPHULFDO
PHVK
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1RPHQFODWXUH

/DWLQ

�FS KHDW�FDSDFLW\
�& FRIOXFWXDWLRQ�WHQVRU
�( FRIOXFWXDWLRQ�WHQVRU
�J JUDYLW\
�K HQWKDOS\
�0 FRIOXFWXDWLRQ�WHQVRU
�S SUHVVXUH
�T KHDW�JHQHUDWLRQ
�U UDGLDO�FRRUGLQDWH
�W WLPH
�7 WHPSHUDWXUH
�Y YHORFLW\
�; FKDUDFWHULVWLF�IXQFWLRQ

*UHHN

� SUHVHQFH�SUREDELOLW\
� PDVV�JHQHUDWLRQ
� F\OLQGULFDO�FRRUGLQDWH
� WKHUPDO�FRQGXFWLYLW\
�Y NLQHPDWLF�YLVFRVLW\
� VKHDU�WHQVRU

6XEVFULSW

�N SKDVH�LQGH[
�L LQWHUIDFH�LQGH[
�U YHFWRU�FRPSRQHQW
� YHFWRU�FRPSRQHQW

5HIHUHQFH

>�@ 0��%HUPDQ��'��9��6ZHQVRQ��$��-��:LFNHWW��$Q�8QFHUWDLQW\�6WXG\�RI�3:5�6WHDP�
([SORVLRQ��185(*�&5������6$1'��������5���6DQGLD�1DWLRQDO�/DERUDWRULHV��0D\�
�����

>�@ 0(/&25�&RGH�'HYHORSPHQW�*URXS��0(/&25�&RPSXWHU�&RGH�0DQXDOV�9HUVLRQ�
�������9ROXPH����5HIHUHQFH�0DQXDOV��6DQGLD�1DWLRQDO�/DERUDWRULHV��-XO\������

>�@ &5&�+DQGERRN�RI�&KHPLVWU\�DQG�3K\VLFV����UG�(GLWLRQ��&5&�3UHVV��,QF���%RFD�5DWRQ�
)/������

>�@ '��/��+HJUPDQ��*��$��5H\PDQQ��DQG�5��(��0DVRQ��0$7352�9(56,21�����5HYLVLRQ�
���$�+DQGERRN�RI�0DWHULDOV�3URSHUWLHV�IRU�8VH�LQ�WKH�$QDO\VLV�RI�/LJKW�:DWHU�5HDFWRU�
)XHO�5RDG�%HKDYLRU��185(*�&5������DQG�75((������5HY����(*	*�,GDKR��,QF���
,GDKR�)DOOV��)HEUXDU\������

>�@ $��6WULWDU��'��%RVQDU��/��)DEMDQ��0��*UHJRULþ��5��,VWHQLþ���=ELUND�SRGDWNRY�R�MHGUVNL�
HOHNWUDUQL�.UãNR��,-6�'3�������,QãWLWXW��-RåHI�6WHIDQ��/MXEOMDQD��6ORYHQLD��'HF�������

>�@ 0��/HVNRYDU��-��0DUQ��$Q�$WWHPSW�DW�'HVFULELQJ�0XOWLSKDVH�)ORZ�E\�3UREDELOLVWLF�
(QVHPEOH�$YHUDJHG�(TXDWLRQV��$QQXDO�0HHWLQJ�RI�166�
����5RJDãND�6ODWLQD��
6ORYHQLD��6HSWHPEHU��������������3URFHHGLQJV���������,61%���������������
SS����������

>�@ <��0RORGWVRI��'�Z��0X]\ND��*HQHUDO�3UREDELOLVWLF�0XOWLSKDVH�)ORZ�(TXDWLRQV�IRU�
$QDO\]LQJ�*DV�6ROLGV�0L[WXUHV��,QWHUQDWLRQDO�-RXUQDO�RI�(QJLQHHULQJ�0HFKDQLFV��������
������SS�������
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>�@ -��0DUQ��0��/HVNRYDU��6LPXODWLRQ�RI�+LJK�7HPSHUDWXUH�0ROWHQ�)XHO�&RRODQW�0L[LQJ��
)OXLG�(QJLQHHULQJ�'LYLVLRQ�6XPPHU�0HHWLQJ�������-XO\�������������6DQ�'LHJR��
&DOLIRUQLD��3URFHHGLQJV���������SS�����������

>�@ -��0DUQ��0��/HVNRYDU��$��+RUYDW��(YDOXDWLRQ�RI�6WHDP�([SORVLRQ��(6(���3UHPL[LQJ��
)OXLG�(QJLQHHULQJ�'LYLVLRQ�6XPPHU�0HHWLQJ�������-XO\�������������6DQ�'LHJR��
&DOLIRUQLD��3URFHHGLQJV���������SS����������


